Fetal magnetoencephalography (fMEG) is a non-invasive technique where measurements of the magnetic field outside the maternal abdomen are used to infer the source location and signals of the fetus' neural activity. There are a number of aspects related to fMEG modelling that must be addressed, such as the conductor volume, fetal position and orientation, gestation period, etc. We propose a solution to the forward problem of fMEG based on an ellipsoidal head geometry. This model has the advantage of highlighting special characteristics of the field that are inherent to the anisotropy of the human head, such as the spread and orientation of the field in relationship with the localization and position of the fetal head. Our forward solution is presented in the form of a kernel matrix that facilitates the solution of the inverse problem through decoupling of the dipole localization parameters from the source signals. Then, we use this model and the maximum likelihood technique to solve the inverse problem assuming the availability of measurements from multiple trials. The applicability and performance of our methods are illustrated through numerical examples based on a real 151-channel SQUID fMEG measurement system (SARA). SARA is an MEG system especially designed for fetal assessment and is currently used for heart and brain studies. Finally, since our model requires knowledge of the best-fitting ellipsoid's centre location and semiaxes lengths, we propose a method for estimating these parameters through a least-squares fit on anatomical information obtained from three-dimensional ultrasound images.
Introduction
Fetal magnetoencephalography (fMEG) is a non-invasive technique to record fetal brain signals in utero (Blum et al 1986) . In fMEG, the magnetic field evoked by the neuroelectric activity of the fetus is passively recorded using superconducting quantum interference devices (SQUIDs). Only these highly sensitive sensors make it possible to detect fetal brain activity through the maternal abdominal wall almost independently of the conductivities of the surrounding tissue and the Vernix Caseosa. However, the strength of the measured magnetic field strongly depends on the distance between the source and the sensors (Hämäläinen et al 1993) . Besides the noise, this field is obscured by the 10-to 100-fold stronger magnetic fields of both the fetal and maternal hearts (Schleussner et al 1999) . Therefore, these interfering signals must be removed in order to observe fMEG. Some of the methods used for this purpose include different types of adaptive filtering (Samonas et al 1997) and orthogonal signal projection algorithms (Uusitalo and Ilmoniemi 1997) . Once that the cardiac components have been removed, we must determine if the remaining fMEG signal is physiologically meaningful and if it is somehow explained by sources within the fetal head.
Another technique for the assessment of the fetus' brain is functional magnetic resonance imaging (fMRI). This technique has inherent limitations based on the difficult access to the measuring site, as well as safety issues, but delivers both the functional and the anatomical information of the fetus (Hykin et al 1999) . However, fMEG has the advantage of providing with a better temporal resolution, it is passively measured, and the anatomical information can be obtained from complementary imaging techniques like ultrasound (Eswaran et al 2002 , see also section 4.4).
There are a number of topics related to modelling fMEG that must be addressed, such as the type of volume model (simple, realistic), the number and geometry of compartments to be considered (maternal abdomen, fetal body, placenta, uterus), fetal position, orientation and gestation period. In Vrba et al (2004b) , two volume models for fMEG are compared: uniform abdomen model and spherical fetal head model. In the first model, the fetal head boundary is assumed to be electromagnetically transparent and the brain sources are assumed to be positioned within an electrically uniform medium bounded by the maternal abdominal surface. In the second model, the fetal head is assumed to be electrically isolated from the maternal abdomen and the currents flow only within the fetal head which is approximated by a spherical volume. Based on comparisons with measured spontaneous, sharp wave and evoked fMEG signals, it was found that the spherical head model is more appropriate than the uniform abdomen model for fMEG analysis. However, a sphere does not provide an accurate approximation to the fetal head anatomy.
In this paper, we use an ellipsoidal volume to model the anatomy of the fetal head. It is known that an ellipsoid with semiaxes of 9, 6.5 and 6 cm approximates the anatomy of the average adult and, in some proportion, the fetal head (Synder et al 1969) . Hence, assuming current dipole sources (Sarvas 1987 ) and ellipsoidal head, we derive the corresponding solution to the forward problem for the general case of MEG. This forward solution can be applied to MEG data from adults or fetus, but it is especially justified for fMEG given the inaccessibility of the fetus and the difficulty to obtain more realistic head models. Also, the ellipsoidal model has the advantage of introducing anatomical information of the fetus (such as position and orientation of the head) to the model, making it more realistic.
We present our forward solution in the form of a 'kernel' matrix which facilitates the analysis of the inverse problem by decoupling the dipole source signal (linear parameter) from the source location (nonlinear parameter). For the case when fMEG measurements at multiple trials are available, we propose to use the maximum likelihood (ML) technique to estimate those parameters. We choose the ML technique as it is known to be asymptotically efficient under general regularity conditions, it is easy to implement and it has been previously used for the estimation of dipole source signals and brain conductivities in adults (Gutiérrez et al 2004) .
Furthermore, we consider different practical scenarios for the fetal head position and orientation, as well as the source location and orientation. This is done through a series of simulations based on a real 151-channel SQUID fMEG system (SQUID array for reproductive assessment or SARA). SARA is a stationary, floor-mounted instrument where the mother sits and leans her abdomen against an anatomically shaped sensing surface (Robinson et al 2000) . We solve the forward and inverse problems with the models previously described for this system.
One problem that arises with the use of an ellipsoidal model is the increased number of parameters since the model requires knowledge of the ellipsoid's position and semiaxes length in order to be implemented. For this reason, we propose a method for estimating those parameters through a volume reconstruction procedure based on three-dimensional ultrasound images. The best-fitting ellipsoid is found through a least-squares fit over a series of ultrasound images in the transaxial and sagittal planes. This approach is similar to coregistration procedures done in adults with electro/magnetoencephalography (E/MEG) and magnetic resonance imaging (MRI) (Schwartz et al 1996) .
In section 2, we derive the forward solution for an ellipsoidal volume and dipole sources, and then present a matrix form of this solution that is suitable for linear systems analysis. Then, in section 3 we define the ML estimates (MLE) of the source location and dipole source signals.
In section 4, examples with simulated data are used to demonstrate the properties of the magnetic field generated through an ellipsoidal model, such as the spread and orientation of the field. We also evaluate the accuracy of the ML technique for the estimation of sources as a function of the signal-to-noise ratio (SNR) and number of independent trials available. In section 4, we introduce a technique for coregistration of ultrasound images with the fMEG data to obtain realistic estimates of the ellipsoid that best fits the fetal head anatomy. The best-fitting ellipsoid is found through a least-squares volume reconstruction over ellipses on different planes corresponding to multiple ultrasound slides. Finally, in section 5 we discuss the results, limitations and further work.
The forward model
In this section, we present the derivation of the solution to the forward problem of computing the magnetic field outside an ellipsoidal conductor due to a current dipole source. Our solution is presented in the form of an array response matrix in order to facilitate the analytical and numerical solution of the inverse problem, i.e., estimating the sources from measurements of the magnetic field.
Biot-Savart-Maxwell solution
We model both the neuroelectric and neuromagnetic phenomena using the quasi-static approximation of Maxwell's equations given that the time derivatives of the associated electric and magnetic fields are sufficiently small to be ignored (Landau and Lifshitz 1960) . Under this condition, the static magnetic field equations can be written as
where B is the magnetic field, r = [r x , r y , r z ] T is the observation point, µ 0 is the magnetic permeability (assumed to be the same inside or outside the brain) and J is the current density. Equation (1) indicates that the curl of the magnetic field at r is proportional to the current density, while in equation (2) the divergence of the magnetic field is zero.
The current density can be divided in passive and primary components (Tripp 1989) . The passive currents J v are result of the macroscopic electric field in the conducting medium, and are described by the following expression:
where σ is the electric conductivity, and E is the electric field. The primary currents J p can be considered as the sum of the impressed neural current and the microscopic passive cellular currents, and are given by
The forward problem in neuromagnetism is to calculate the magnetic field outside the head from a given primary current distribution within the brain. The equation that relates B and J p is the integral form of the Biot-Savart-Maxwell law (Malmivuo and Plonsey 1995)
where r is the source point, V − is the space interior to the volume and u − is the interior electric potential. Equation (5) is derived under the assumption that our volume is bounded by a single layer with interior homogeneous conductivity σ and exterior conductivity of zero. The general expression of B(r) for multiple regions can be found in Hämäläinen et al (1993) .
Assume that the source is modelled by an equivalent current dipole (ECD), i.e.
where q = [q x , q y , q z ] T is the dipole moment, and r 0 = [r 0x , r 0y , r 0z ] T is the source location. The ECD model is a common simplification justified when the source dimensions are relatively small compared with the distances from the source to measurement sensors (Hämäläinen et al 1993) , as it is often true for evoked response and event related experiments. Substituting the ECD model in (5) we have
The volume integral in (7) can be transformed to a surface integral through simple vector identities (Geselowitz 1970 ) to obtain the following relationship
wheren is the outward unit vector normal to the surface S at a point r . Using (8) we can calculate the magnetic field outside a single-layer volume due to a dipole source. Next, we discuss such solution for the case of an ellipsoidal volume.
Ellipsoidal volume model
Assume that S corresponds to an ellipsoid defined by the following equation:
where α 1 , α 2 , α 3 are the semiaxes of the ellipsoid. Suppose, without loss of generality, that +∞ > α 1 > α 2 > α 3 > 0. Then, equation (9) defines an ellipsoidal system (Hobson 1955) with coordinates (ρ, µ, ν) such that
2 . In order to evaluate (8) for our ellipsoidal geometry, we must first know the interior potential on the surface, and then evaluate the corresponding ellipsoidal integrals. The solution for the interior potential is given in Miloh (1990) , while the solution for the full magnetic field has been recently presented in Dassios and Kariotou (2003) . There, the magnetic field is given in Cartesian coordinates by
where (ρ r , µ r , ν r ) refer to the components of r in the ellipsoidal coordinate system,
T is the dipole moment q modified by the spatial effects of the anisotropy imposed by the ellipsoid, F 1 2 (·) and F 2 2 (·) are the second degree exterior solid ellipsoidal harmonics of order 1 and 2 respectively, I i+j 2 (·) is the second degree elliptical integral of order i + j,ê i is the three dimension unit vector with '1' in the ith position and zero elsewhere, γ 1 and γ 2 are the roots of the quadratic equation
Equation (10) provides an approximation of the full magnetic field exterior to the ellipsoid. However, this solution is not suitable for direct use in the inverse neuromagnetic problem. As shown in Mosher et al (1992) , the inverse problem can often be easier to solve if the linear moment parameters q are separated from the nonlinear location parameters r. The inverse problem can then be approached as an explicit function of just the location parameters, reducing the complexity of the solution search. Therefore, in the following sections we apply a series of factorizations to express equation (10) in the form of an array response matrix containing only information of the geometry and position of the dipole.
Kernel matrix
The modified dipole momentq is given bỹ 
We rewrite this expression in a matrix form by defining H (r 0 ) as 
Similarly, we define the support matrices 1 , 2 and (r) as 
Using (13)- (15), and discarding the elements of order 1 ρ 4 r , we can rewrite (10) as
Note that we can neglect the elements of order 1 ρ 4 r given that the distance from the measurement points to the source is large in comparison to the dimensions of the ellipsoid, i.e. ρ r > α 3 . We can further simplify (16) by defining G(r) as
With these definitions, the magnetic field at r due to a dipole q located at r 0 is given by
The above result has the advantage of decoupling not only q and r, but also r and r 0 . A useful representation can be obtained by defining a 'kernel' matrix K(r, r 0 ) as
Hence, we can express the magnetic field as a simple product
For an array of sensors at fixed positions, the kernel matrix (19) depends only on the 3 × 3 matrix H (r 0 ). Then, multiple evaluations of B(r) for different values of r 0 are possible with a reduced number of calculations. Therefore, our resulting expression (20) has the potential of simplifying the numerical solution of the MEG inverse problem by reducing the number of calculations required to obtain K(r, r 0 ) when iterative algorithms are used.
Array response matrix
Consider the case when magnetic measurements are obtained from an array of m
Then, we can extend (20) to an array representation that contains all m kernel solutions, i.e.
where A is the 3m × 3 array response matrix. Note that A can be written as A = H (r 0 ) with
This last representation is especially useful for the computer implementation of the forward model.
In practical situations only some of the components of the full magnetic field are available. Note that each component of B can be expressed as
where ⊗ denotes the Kronecker product, and I m is an m × m identity matrix. For any of these components, we can express the array response matrix as
Finally, we can easily extend (21) to a spatio-temporal model if we allow q to change in time, i.e. B(t) = Aq(t).
Maximum likelihood estimation
In this section we present a solution to the inverse problem of estimating r 0 and q based on the ML technique.
Consider the case of spatio-temporal measurements obtained from an array of m fMEG sensors. Let y i (t) denote the m × 1 measurement vector of the ith component of the magnetic field (usually B z or its first derivative) at time t. Assume that the measurements are in discrete time. Then, the measurement model is given by
where e(t) is the noise and N is the number of time samples. We assume the measurements are taken in the presence of zero mean Gaussian noise uncorrelated in time and space and with variance σ 2 e independent of time. Given L independent trials of y i (t), we wish to estimate r 0 and q(t) from (27) using the ML technique. The MLE of r 0 is given by van Trees (2001)
where A i is used instead of A i (r 0 ) for notational convenience, tr{·} is the trace operator and
is a consistent estimate of the covariance matrix of the observation vector. Oncer 0 has been computed, the MLE of the dipole signal can then be obtained by a simple least-squares fit, i.e.
q(t) = Â T iÂ i
whereÂ i denotes the MLE of A i (i.e.,Â i = A i (r 0 )). More details on the derivation of the MLE can be found in Stoica and Nehorai (1989) .
Numerical examples
In this section we conduct a series of simulations to show the applicability of our methods for solving the fMEG forward and inverse problems. For the forward problem, we show through different examples the properties of the ellipsoidal model. For the inverse problem, we apply the ML technique for localizing the sources and compute the corresponding localization error. The application of the ellipsoidal model requires full knowledge of the location of the centre and length of the semiaxes of the ellipsoid that best fits the anatomy of the fetal head. For this reason, in this section we introduce a technique based on three-dimensional ultrasound images to estimate the parameters of the best-fitting ellipsoid.
Measurements
Magnetic measurements are obtained from a 151-channel fMEG system (SARA system built by VSM MedTech Ltd) installed at the University of Arkansas for Medical Sciences. SARA is a stationary, floor-mounted instrument where the mother sits and leans her abdomen against the anatomically shaped surface formed by the array of sensors, such that the anterior abdomen, from the perineum to the top of the uterus (in late gestation), is covered by the sensors (see figures 1 and 2). The sensor array is curved to fit the pregnant abdomen, covering a region of approximately 45 cm high and 33 cm wide, with an area of 1300 cm 2 and inclined at 45
• . The whole system is in a magnetically shielded room (MSR) and is equipped with high-order synthetic gradiometer noise cancellation which effectively eliminates the vibrational noise transmitted by the mother.
After cancellation of environmental noise, the maternal magnetocardiogram (mMCG) and fetal magnetocardiogram (fMCG) are usually the dominant artefacts and must be removed to observe fMEG. The magnitude of the averaged evoked fMEG signals is typically in the range from 10 to 80 fT (Lengle et al 2001) , while the fMCG and mMCG measured at the fetal thorax location can both attain amplitudes as large as 10 pT. Closer to the maternal heart, the mMCG can be as large as 100 pT. The fMCG and mMCG interference can be removed by orthogonal projection methods, but this procedure redistributes the fMEG signal among all sensors. To solve this inconvenience, a procedure for correcting the redistributed fMEG signal topography is proposed in Vrba et al (2004a) . 
Forward problem: spreading and rotation of the field
Through the following simulations, we show the applicability of the ellipsoidal model for the solution of the forward problem in the realistic fMEG system described in the previous section. In these examples, we assume an ellipsoidal head model with semiaxes 5, 3.61, 3 .33] cm, and located at the centre of the array 10 cm below sensor number 5 (central sensor in figure 2 ).
We placed a dipole oriented in the direction of the positive y axis at the position r 0 = [0, 0, 3] T cm with respect to the ellipsoidal coordinate system. Then, we computed B z using (25) for an arbitrary source magnitude. We repeated the computations for a spherical model with radius of 5 cm, its centre located at the same position than the ellipsoidal model and the same dipole conditions. The corresponding plots of the magnetic field for both geometries are shown in figure 3. We note that the magnetic field in the spherical head model tends to spread all over the media, whereas for an ellipsoidal head the anisotropy of the model constraints the spreading of the field in the direction of the major semiaxes (in this case, oriented in the direction of the x axes). This result suggests that the ellipsoidal model introduces anatomical constraints to the solution of the forward model of fMEG.
To confirm our findings, we repeated the experiment but now for a dipole with an orientation of φ = 45
• measured from the positive y axis in the anti-clockwise direction. Again, the corresponding fields for the ellipsoidal and spherical models were computed and the plots are shown in figure 4. These results reveal that the ellipsoidal model is only slightly affected by the change in orientation of the dipole and the field spreads mainly in the direction of the major semiaxes. In figure 5 we can see this effect for orientations of the dipole of φ = 60
• , 75
• , 85
• and 90
• . In figure 6 , we show the corresponding plots of the magnetic field for a dipole with φ = 45
• and different orientations of the head model. In this case, we rotated the ellipsoidal model by 30
• , 60
• , and confirmed that the magnetic field spreads in the same orientation of the major semiaxes.
Please note that we used the spherical geometry in the previous examples only to show how the properties of the magnetic field change according to the selection of a specific volume conductor. However, a more detailed study of the differences between the spherical and ellipsoidal geometries is outside of the scope of this paper. Further information about the spherical, ellipsoidal, and other realistic head models can be found in Fieseler et al (1995) , Baillet et al (2001) , and references therein. 
Source localization
In the following numerical examples, we solve the inverse problem of estimating the source position r given a set of spatio-temporal measurements y i (t) . In this case, we assume an ellipsoidal head model with the same geometry as in section 4.2, but with its centre located 10 cm below sensor whose number is 102, which is close to the typical position of the fetal head around the 34 week of gestation. Then, we generated B z (i.e. i = 3) for a dipole located at r 0 = [−1.11, 1.11, 2.78]
T cm and source signal components q x (t) and q y (t) that change in time as shown in figure 7, while q z (t) = 0. Similar dipole models have been used in previous research (see, e.g., (Dogandžić and Nehorai 2000) ) as they approximate a typical evoked response. Finally, we added uncorrelated (in time and space) random noise distributed as N 0, σ 2 e for values of σ e between 1.91 and 3.39 to produce SNR values from 12 dB to 2 dB, respectively. Note that we defined the SNR as the ratio (in dB) of the Frobenious norm of the signal to that of the noise.
Given y 3 (t), we computed the estimater 0 according to (28) . To obtain the MLE, we initialized the minimization process with the true value of r 0 in order to study the error produced by modelling factors and also to avoid the problem of local minimization. The global minimization problem is beyond the scope of this paper, however, a global estimate can be obtained, for example, with optimization methods based on genetic algorithms or multiple starting points.
We repeated the estimation process for L = 10, . . . , 100 experiments using independent noise realizations. For each value of L, we computed the corresponding bias (relative error) of our estimates as b = |r 0 −r 0 |, wherer 0 is the mean estimate over the L experiments. The corresponding bias as a function of L and SNR is shown in figure 8 . Form these results, we note that the bias of our estimation is not larger than 3 mm even for moderately low SNR. Furthermore, our results suggest that it is possible to obtain consistent estimates of the source position for a sufficiently large number of experiments. However, further tests with real data are required in order to reach a definite conclusion.
Coregistration of fMEG with ultrasound images
One of the problems of applying the ellipsoidal head model to fetal MEG is the increased number of parameters in both our forward and inverse problems. For solutions under the assumption of a spherical head model, the parameters are those of the dipole source (signal components and location) plus the location of the centre of the sphere. The ellipsoidal head model also requires knowledge of the centre and, instead of the radius, the values of the semiaxes α 1 , α 2 and α 3 need to be known.
In order to solve this problem, we propose to estimate the ellipsoid centre and semiaxes using anatomical information obtained from a set of three-dimensional ultrasound images of the fetal head. The images are captured using the EchoTech 3D Imaging System (http://www.gemedicalsystems.com), which provides a number of images corresponding to different slices of a volume in the transaxial and sagittal planes. The coregistration of the ultrasound images with the fMEG data is achieved using for both modalities a common set of landmarks. Then, we can establish the position of those landmarks in the coordinate system of each modality and define the necessary transformations to relate them (Gonzalez and Woods 2002) . This procedure is similar to what is done when coregistering MRI with EEG/MEG data in adults.
Before the fMEG study, the mother is placed in a mock system outside the MSR in the same position as in the fMEG device. Then, the ultrasound is performed through a plastic surface covering the mock system, and images of the fetal head are recorded in reference to the four quadrants of the maternal abdomen. The mother then walks a short distance into the MSR and is seated on the SARA system while the fMEG signals are recorded. Immediately after the recordings, the mother walks a few steps out of the MSR and is again placed in the supine position. The fetal head is again examined with the ultrasound.
We obtain the best-fitting ellipsoid through a least-squares fitting over all ultrasound images acquired, such that for each image we obtain the corresponding best-fitting ellipse (Fitzgibbon et al 1999) . It is with the information of all images in both the transaxial and sagittal planes that we estimate the best-fitting ellipsoid. Due to the low resolution of the ultrasound, it is necessary to manually highlight the regions in the image corresponding to the fetal skull in order to produce an accurate fitting. An example of this procedure is shown in figure 9 . There, we show the results for one ultrasound slide in each plane. Once we have a collection of best-fitting ellipses in different planes, we run a least-squares search for the coefficients of the quadratic equation (9) in its general form F (x, y, z) = 0. In this way, we can not only obtain the centre location and values of the semiaxis of the best-fitting ellipsoid, but also its orientation.
Concluding remarks
We developed a solution to the forward problem of fMEG based on an ellipsoidal geometry to approximate the anatomy of the fetal head. This model has the advantage of highlighting special characteristics on the field (inherent to the anisotropy of the human head) such as the spread and orientation of the field in relationship with the direction of the major semiaxes of the ellipsoid.
We presented our forward solution in the form of a kernel matrix that facilitates the solution of the inverse problem by decoupling the dipole source signal from the source location. The ellipsoidal model allows us to decouple also the source location from the sensor locations in the array response representation, which provides a much simpler way to implement the solution of the inverse problem. For the case when multiple trials are available, we proposed the ML technique for solving the inverse problem of estimating the dipole source signal and source location from the corresponding fMEG measurements, as the ML technique is asymptotically efficient and easy to implement.
We showed the applicability of our methods through numerical examples in simulated data. For the forward model, we demonstrated the relationship of the spread and orientation of the field with the orientation of the fetal head. We concluded that the ellipsoidal model accounts for the anisotropy of the head anatomy, but is not sensitive to changes in the orientation of the dipole source. However, this does not represent a limitation, given that our dipole model is independent of the orientation since it allows the dipole signal components to change in time.
For the inverse problem, we computed the bias of the source localization estimate as a function of the number of independent trials and SNR. Our results show that the ML technique gives consistent estimates for a sufficiently large number of experiments, even for moderately low SNR values.
In order to apply our methods and obtain good results, it is important to know not only the dimensions of the best-fitting ellipsoid, but also its orientation. For this reason, we proposed to estimate the ellipsoid parameters through a volume reconstruction method using ellipses fitted to ultrasound images in the transaxial and sagittal planes.
Future research in this area will include the evaluation of the Cramér-Rao bounds of the source localization estimates, more extensive application of the models to real fMEG data and extensions to line-and surface-source models (Yetik et al 2005) that are also suitable for studying neuronal development in newborns. Then, we can express the exterior solid ellipsoidal harmonics required for the computation of (16) as 
